We study the trapping process of moving discrete solitons by linear and nonlinear impurities embedded in a one-dimensional nonlinear cubic array. We show that there exist optimal values for the strength of impurity and the angle for which a strong trapping is obtained. We introduce a criterion for studying scattering dynamics of localized waves in nonlinear extended systems, where trapping of energy takes place.
The study of nonlinear waves and in particular the trapping of moving localized nonlinear waves is a phenomenon that is receiving a lot of attention. Most of the interest is because of the potential applications in different branches of physics ranging from nonlinear optics to Bose-Einstein condensates 1 . The interplay between discreteness and nonlinearity gives rise to the formation of localized structures, the so-called discrete solitons. These entities were theroretically predicted 2 and experimentally observed 3 in nonlinear optical waveguide arrays. Its implementation has been suggested to be useful in the development of multiport switching systems for future all-optical technologies 4 .
The scattering of discrete solitons by impurities has been discussed by Królikowski and Kivshar in Ref. 5 . They showed that it is possible to trap a moving soliton by using a local change in the coupling between two neighbor waveguides. On the other hand, in the context of gap solitons it has been recently shown (in the scattering process of solitons by defects) that trapping of light takes place because of the resonant transfer of energy from the soliton to the defect mode 6 . This is a very remarkable effect which could represent a fundamental stage in the process of steering of solitons in all optical devices 7 . In this respect, it would be very desirable, from the application point of view to make optimal the trapping mechanism.
In the present letter we characterize the scattering process of solitons by linear (LI) and nonlinear (NLI) impurities located at one site of the array. In order to provide a full description of the scattering process we introduce a new criterion which takes into account the trapping of moving localized waves. The main difference with the standard definition resides on the fact that it allows to measure besides those energies reflected and transmitted, that energy trapped after the scattering process with defects. As a main result of our description is that it provides the basic ideas for tuning the optimal parameters in order to get a maximum trapping. A second main result derived from our analysis reveals that, the trapping of solitons is indeed a consequence of a resonant transfer of energy between the impurity mode and the soliton as suggested in Ref. 6 .
The evolution of guided-mode fields in a one-dimensional nonlinear cubic waveguide array 2 in the presence of defects, can be described by the perturbed discrete nonlinear Schrödinger equation
where u n is the field amplitude in the nth waveguide. ξ is the dimensionless propagation distance; ǫ 1 and ǫ 2 represent the strength of linear and nonlinear defects, respectively. δ n,i 0 is the delta's Kronecker, and i 0 denotes the site where the impurity is located. For the numerical investigation of the trapping process we use as an initial condition the discrete version of the NLSE's exact solution 4, 5 given by:
Here A is the soliton amplitude which is also related to the inverse of the soliton width; k is the initial kick (transversal angle) and nc is the site where the initial condition takes the maximum value in an array formed by N = 201 sites.
Generally speaking, all the numerical experiments realized throughout the paper consist in launching a soliton with the previous ansatz against the impurity site. Since we want to study the trapping of moving solitons by defects we should be able to find a balance between discreteness of the lattice and mobility of the solitons. Lattice discreteness favors the trapping of solitons but, on the other hand, for a high amplitude, the mobility of the soliton is practically reduced to zero because of the so-called Peierls-Nabarro potential 9 . Hence, the ideal configuration for the analysis of trapping is found in an intermediate regime where the soliton still presents high mobility. Consequently, we set A = 0.7 for all our numerical computations.
Now, once the soliton collides with the defect we may have either pure transmission, trapping, reflection or simply a mixed state of the previous ones. The main issue here is how to quantify the trapped energy (power) and at the same time to distinguish this power from those reflected and transmitted in different cases. In this respect, aimed to fulfill the above requirement, we introduce the following more general definition
for the description, in principle, of any nonlinear scattering problem. Here R, T , and L, represent the percentages of the initial power that it is reflected, transmitted, and localized (trapped), respectively. We define trapping as:
from n = 1 up to n = i 0 − 11, and T from n = i 0 + 11 up to N. In case of no defect (L = 0) the previous equation reduces to the standard expression R + T = 1, commonly used to quantify the scattering process of waves. According to this definition, it is considered as trapped, the amount of power bounded in the interval {i 0 − 10, i 0 + 10} around the defect.
The size of this interval depends on how narrow is the region where the soliton remains trapped and it is equivalent to the width of the impurity mode 10 .
Now, we proceed to compute the value of L doing sweeps in the {k, ǫ} space of parameters.
In what follows, we restrict our analysis to individual (LI or NLI) impurity cases. From In order to do a better description of Fig.1 a) and b) we simplify the analysis by fixing a value of the angle for both linear and nonlinear cases. In Fig.1c Briefly speaking, when the soliton arrives to the scattering region it starts to populate the impurity mode as expected. However, in this case due to the interaction, although the soliton is at first reflected it keeps barely moving in the vicinity of the defect for a relative large time instead of moving away, before it is finally trapped by the defect.
In both linear and nonlinear cases, we observe that once the soliton gets trapped into the impurity region, it begins to oscillate periodically with the profile of the impurity mode.
These oscillations are visualized in Fig.2 as a periodic sequence of intermittent bright dots.
Note that the distance between the bright dots is reduced in Fig.2c with respect to that depicted in Fig.2b . This indicates that the frequency of oscillations is directly related with the strength of the defect. From the above results one realize the importance of the role of the impurity mode in the scattering process. In this sense, some explanations in terms of the collective coordinate approach have been proposed for the scattering of solitons by a point-like impurity defect (see e.g. Ref. 12 ). This approach uses as additional degree of freedom the excitation of the impurity mode, which sheds light on some of the main features that we have previously shown. In few words, this approach describes the motion of the soliton center during its interaction with the defects. Essentially, the description reduces to a particle moving in an effective potential formed by two parts, one is a classical well and a second one which accounts for the soliton-nonlinear defect mode interaction. This latter term is a phase dependent function, whose phase in turn changes periodically in time, with a variation rate mainly determined by the intrinsic frequency of the impurity mode. In case that the soliton and the impurity mode are out of phase, the resulting potential acts as a barrier and the particle for relatively small velocities may turn back after reaching the turning point, namely the soliton is reflected. Otherwise, the particle can be either trapped if we consider that due to some phenomenological breathing motion effect 13 the kinetic energy is reduced leading eventually the particle to remain into the well or transmitted for a particle with sufficient kinetic energy.
Finally, for a combination of both impurities no improvement of trapping has been observed compared to the single nonlinear case. The system behaves essentially as in the presence of a linear defect.
In summary, we have shown a fairly good method to estimate optimal experimental parameter values for which a strong trapping of moving localized waves takes place. In particular, for the nonlinear case, a bifurcation in the parameter space was observed, which adds new evidence over the existence of a resonance process between the soliton and the impurity mode in the trapping process. In this respect, we hope that these results encourage the realization of experiments addressed to check the validity of these theoretical predictions which could be of remarkable importance for technological purposes.
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